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GMRES $(\leq m_{maae})$ . ,
COMPAQ Beo $1\mathrm{f}$ ,




$Ax=b$, $A\in R^{n\mathrm{x}n}$ , $x,$ $b\in R^{n}$ (1)
. GMRES [1] GMRES(m) , (1)
1 . , [4] , GMRES(m)
1 , GMRES$(\leq m_{\max})$ . ,
. , ,
$m_{\max}$ , .
, GMRES $(\leq m_{\max})$
GMRES$(\leq m_{\max})$ . , COMPAQ MIMD Beowulf
, GMRES $(\leq m_{\max})$ \iota
2
GMRES GMRES$(\leq m_{\max})$ .
2.1 GMRES
$\ell$ GMRES $A$ $\ell$ $\lambda_{j}^{exa\mathrm{c}t}$
$\Psi_{\ell}^{exa\epsilon t}(t)=\Pi_{\mathrm{j}=0}^{\ell}(1 - t/\lambda_{\mathrm{j}}^{exaet})$ (2)





















1 ( $\circ$ : , $\mathrm{x}$: )
. $\lambda_{j}^{exact}$ (2) . ,
$A$ , , GMRES
, GMRE(m) . , GMRES
.
2.2 GMRES$(\leq mm\text{ })$
GMRES$(\leq m_{\max})$ [4] , GMRES(m)




. , GMRES$(\leq m_{\max})$
$\Psi_{k}^{(\dot{l}}$10(t) $=$ $\Pi_{s_{1}=1}^{k}(1-t/\lambda_{\epsilon_{1}}^{(+1)})$ , $(k\leq m_{\max})$ (4)
$\Psi$S$j$) $(t)$ $=$ $\Pi_{\epsilon_{2}=1}^{m_{\mathrm{j}}}(1-t/\lambda_{\epsilon_{2}}^{(j)})$ , $(j=1,2, \ldots,i)$ , $(mj\leq m_{\max})$ (5)
. , $\ell(=\tilde{\ell}+k)$ $r\ell$ (4) (5)
$r_{\ell}=\Psi_{k}^{(\dot{*}+1)}(A)\{\Pi_{j=1}^{\dot{*}}\Psi_{m_{\mathrm{j}}}^{(j)}(A)r_{0}\}$ (6)
. , $\tilde{m}_{j}$ & -1 $j$
, $\tilde{m}_{j}$ \leq mmax . , $m_{j}$ $j$
. , $m_{j}=m,$ $m_{\max}=m$ (4) (5) GMRES(m)






(5) $\lambda_{s_{2}}^{(j)}$ , $\tilde{\ell}$















$\mathrm{i}$m$| \lambda 97’-z|<\frac{1}{2}$Mi$\mathrm{m}/(\ell- 1),$ $\}$
$\lambda_{\ell_{2}}^{(j)}$ . ,
Mre $=$ $\max_{s_{1}.s_{2i}}\{\mathrm{r}\mathrm{e}(\lambda_{s_{1}}^{(+1)}), \mathrm{r}\mathrm{e}(\lambda_{2}^{(j)}.)\}-\min_{1}\{\mathrm{r}\mathrm{e}(\lambda_{s}^{(}\dot{\mathrm{i}}^{+1)})t_{1\prime}s_{2}j’ \mathrm{r}\mathrm{e}(\lambda_{\epsilon_{2}}^{(j)})\}$
$\mathrm{M}_{\mathrm{i}\mathrm{m}}$ $=$ $\max_{s_{1},\mathrm{S}_{2,j}}\{\mathrm{i}\mathrm{m}(\lambda!\dot{\mathrm{i}}^{+1)}), \mathrm{i}\mathrm{m}(\lambda_{s_{2}}^{(\mathrm{j})})\}-\min_{*_{1},\delta_{2},j}\{\mathrm{i}\mathrm{m}(\lambda_{*_{1}}^{(*+1)}.), \mathrm{i}\mathrm{m}(\lambda_{2}^{(j)}.)\}$
.
“ $\mathrm{A}$” , $\mathrm{M}\mathrm{i}\mathrm{m}\mathrm{x}$ $\mathrm{M}\mathrm{r}\mathrm{e}$ ,
$\lambda_{\epsilon_{2}}^{(-+1)}$ , $\lambda_{\epsilon_{1}}^{(j)}$
. , ,
. , . “
$\mathrm{A}$





3.2 GMRES $(\leq m_{\max})$
GMRES $(\leq m_{\pi ax}‘)$ $\ell(=\tilde{\ell}+k)$
$x\ell=x_{\tilde{\ell}}+V_{k}y_{k}$ (7)






$\underline{\mathrm{B}\mathrm{C}}$-GMRES $(\leq m_{\max})$ method
Choose $x_{0}$
$r\mathit{0}=$ b-Axo, $\ell=0$ , $\ell^{-}=0$ , $k=1$
start:
$\ell=\ell+1$
Compute $V_{k}$ through Arnoldi process.
Update $x\ell,$ $r\ell$ and $d_{k}$ .
if $||r\ell||_{2}$ is small enough then
Stop iterations
endif
if (kmod $2$ ) $=0$ then
Compute $k$ new zero points and $\cos(rl’ a_{k})$
if uCondition A” is satisfied or $\ell=2$ then
set the current $\cos$ ( $t_{\acute{\ell}},$ $d$h)to $\epsilon$
Fix $k$ new zero points
$k=1$ , $\ell^{-}=\ell$, $X_{\tilde{\ell}}=oe\ell$ , $t_{\ell^{-}}=t\ell$
goto start
endif
if the condition (9) is satisfied or $k=m_{\max}$ then
Fix $k$ new zero points












. , $\epsilon$ . ,
$k$ $\lambda_{s_{1}}^{(j)}$ $\cos$ $(r_{\ell^{-}}, d,)$ .
, $\cos$ $(r_{\check{\ell}}, d,)$
$\cos(r_{\ell^{-}},$ $d$O $\epsilon$ . , $\epsilon$
$\cos$ ($r_{\tilde{\ell}},$ $d$k) , $\cos(r_{\tilde{\ell}}, d,)$ ,
. ,
.
(1-a) 2 . $\epsilon$
, $\epsilon$ , $\cos$ $(r_{\overline{\ell}}, d,)$ .
(1-b) “ $\mathrm{A}$” . $\epsilon$ ,
$\cos(r_{\overline{\ell}},$ $d$0 .
(1-c) $\cos(r_{\overline{\ell}}, d_{k})>\epsilon$ . $\epsilon$ .
108
1 1 (time: $(*\mathrm{J}\grave{\nearrow})$ , iter: )
$\overline{Dh}$$2^{-}$ $2^{-}$ $2^{-}$ $2^{-}$
$\mathrm{t}\sim \mathrm{m}$ $\sim \mathrm{t}\mathrm{e}\mathrm{r}$ $\mathrm{t}[] \mathrm{m}\mathrm{e}$ lter $\mathrm{t}_{1}\mathrm{m}$ $\iota \mathrm{t}\mathrm{e}\mathrm{r}$ $\mathrm{t}_{1\mathrm{I}}\mathrm{n}$ $1\mathrm{t}\mathrm{r}$
10 . .. . .. . . . . ..
GMRES(20) 2162.0 41150 1 .0 268 0 12 2.0 24449 10 9.0 212 5
GMR S( 0) 14.0 21478 1088.0 15 10 14 $\mathrm{Q}.\mathrm{Q}$ 20181 1014.0 140 4
GMR $\mathrm{S}(40)$ 1297. 1466 116.0 14272 1112.0 12 62 1.0 10460
GMR $\mathrm{S}$ 0) 2044.0 1521 11 0.0 10 35 1107.0 986 120 .0 1021
MR $<10$ 549.0 16 1 7.0 1 45 414.0 127 1 2.0 182 7
GMR $\mathrm{S}(\overline{\leq}20)$ .0 128 7 737.0 14158 719.0 1 411 822.0 1467
GMR $\mathrm{S}(\leq 0)$ 90.0 974 601.0 809 663.0 6788.0 1021
GM $\mathrm{S}(\leq 40)$ 581.0 780 34.0 8 731.0 9 1 71 .0 4
GMR $\mathrm{S}<0$ 6 $0\cdot 0$ 7717 723.0 9 6 $757\cdot 0$ 9449 8 .0 10288
$\mathrm{B}$ GMR $\mathrm{S}<10$) SO.O 1234 271.0 11040 $75\cdot 0$ 11088 271.0 1167
BC-GMR $\mathrm{S}(\overline{\leq}20)$ 232.0 8497 00.0 112 4 231.0 897 2 4.0 10626
BC-GM $\mathrm{S}(\leq 30)$ $267\cdot 0$ 9843 02.0 112 4 $248\cdot 0$ 97 4 2 .0 446
BC-GMR $\mathrm{S}(\leq 40)$ 22.0 79 8 2 $7\cdot 0$ 11254 54.0 97 4 22.0 9446
$\mathrm{B}$ GMR ($<0$ 231.0 7958 2 8.0 11254 252.0 9764 227.0 944
: 00 $\mathrm{n}$ .
GMRES$(\leq m_{\max})$ 2 .
’“Fix $k$ new zero points” , $k$
. 2 2 ,
$2\leq mj\leq m_{\max}$ GMRES( $\leq$ mm BC-
GMRES $(\leq m_{\pi ax}‘)$ (Bi-Condition-GMRES $(\leq m_{\max})$ ) .
4
COMPAQ MIMD Beowulf , BC-GMRES(\leq mm x)




-ux$x-u,y+D${ $(y-1/2)u_{\alpha}+$ (x-2/3)(x-1/3)u,} $=$ $f$
$u(x,y)|_{\partial\Omega}$ $=$ $1+xy$
, $f$ $u(x, y)=1+xy$ . $\Omega$ $512^{2}$
5 , 262,144 1
. , $x_{0}$ ,
$||r\ell||_{2}/||b||_{2}<1.0\cross 10^{-12}$ (10)
, 1 (10)
. , $h$ } $h=1/513$ . GMRES(m) ,
1000 . , GMRES $(\leq m_{maae})$ ,
900 GMRES(m) 1/3 .
108
2 2 1 (14) ($Dh=2^{-2}$ , time:
$(\ovalbox{\tt\small REJECT}^{\mathrm{J}\backslash },’)$ , iter: )
$\ovalbox{\tt\small REJECT}_{\mathrm{E}\mathrm{s}\mathrm{a}\mathrm{s}}^{6660_{5}^{6}\mathit{0}_{3}^{65}}\alpha \mathrm{s}\mathrm{E}536\mathrm{E}\epsilon 0_{353}\mathrm{E}3966635\epsilon_{2}^{3}\mathrm{E}35665s\epsilon \mathrm{E}5666666\epsilon_{\mathrm{E}5\theta vs\mathrm{s}}*\mathfrak{a}\mathfrak{o}\mathrm{n}\mathfrak{a}295958553656\mathrm{s}\mathrm{s}_{2}\mathrm{s}_{3}03239\emptyset \mathrm{Q}\mathrm{e}$
, BC-GMRES( $\leq m_{ma}$x) , GMRES $(\leq m\text{ }ax)$ 30%,
GMRES(m) 10% . , BC-GMRES$(\leq m_{\max})$
GMRES$(\leq m_{\max})$ , $m_{\max}$ 40
, mm x 40 50 . , BC-GMRES $(\leq m_{\max})$




$u_{xx}+u_{yy}+u_{zz}+D(uu_{x}+vu, +wuz)+u$ $=$ $f1$ on $\Omega$
$v_{xx}+v_{yy}+v_{zz}+D(uv_{x}+vv_{y}+wv_{z})+v$ $=$ $f_{2}$ on $\Omega$
$w_{xx}+w_{yy}+w,z+D(uw, +vw, +WWz)+W$ $=$ $fs$ on $\Omega$
, $f1,$ $f_{2},$ $f_{3}$
$u(x, y, z)$ $=$ $\sin(\pi x)\cos(\pi y)\cos(\pi z)$ , $v(x, y, z)=\cos(\pi x)\sin(\pi y)\cos(\pi z)$ ,
$w(x, y, z)$ $=$ $\cos(\pi x)\cos(\pi y)\sin(\pi z)$
. $\Omega$ $80^{3}$ 7 ,
$(ih, jh, kh),$ $i,j,$ $k=1,2$, . .., $80$ 1,536,000
$a_{1,\dot{*},j,k}g:,j,k-1$ $+$ $a_{2,:,j,k}g:,j-1,\mathrm{k}+a_{3,:,j,k}g;-1,j,k+(h^{2}-6)g:,j,h$
$+$ $a_{4,j,j,k\mathit{9}:,j,k+1}+a_{5}$,i,j,kgi,j$+1,k$ $+$ a6,i,j,kgi$+$1,j,k -h2$f_{:,j,k}=0$ (11)
. ,
$a_{1,:,j,k}$ $=$ $1- \frac{Dh}{2}w$i,j,k, $a_{2,:,j,k}=1- \frac{Dh}{2}v$i,j,k, $a_{\mathrm{a},:,j,k}=1- \frac{Dh}{2}u:.j,k$,
$a_{4,\dot{*},j.k}$ $=$ $1+ \frac{Dh}{2}w:,j,k$ , $a_{8,\dot{*},j,k}=1+ \frac{Dh}{2}v$ iJ,k, $a_{6_{l}jj,k},=1+ \frac{Dh}{2}u:,j,k$
110
3 2 ($Dh=2^{-2}$ , (14) 3 )
$h=1/81$ . ,
$g_{\dot{*},j_{1}k}$
$=$ $[u:,j,k, vi,j,k. w:,j,k]^{T}$ (12)
$f_{:,j,k}$ $=$
.
$[f_{1,\dot{l},j,k}, f_{2,,j,k}|., f_{3,j,k}|.,]^{T}$ (13)
, $u:,j,k,$ $v_{\dot{\iota},j,k},$ $w_{1_{\mathfrak{j}}j,k}.,$ $f$i,:,j,k, $f_{2,i,j,k},$ $f_{3,i,j,k}$ , $(ih, jh, kh)$
$u,$ $v,$ $w,$ $f1,$ $f_{2_{t}}f$3 . (11) , $g_{jj,h}$,
. $\ell$
$s_{\ell}=[g_{l,1,1,1}^{T}, g_{\ell_{1}2,1,1}^{T}, \ldots, g_{\ell}^{\tau_{80,1,1’ \mathit{9}_{\ell}’}\mathrm{r}_{1,2,1}},,’ g_{\ell,2,2,1}^{T}, \ldots, ..., g_{\ell,80,80,80}^{T}]^{T}$
, (11) $q_{\ell}(g_{\ell,:,j,k})$ ,




. , $s\ell,$ $q$’(s’) 1,536,000 , $u,$ $v,$ $w$
$s_{\ell+1}=s\ell-J_{\ell}^{-1}(s_{\ell})q_{\ell}(s\ell)$ (14)
. , $J\ell(s\ell)$ $q_{\ell}(s\ell)$ . , (14)
$s_{0}$ , $j,$ $k$ 2 $(0, jh, kh)$ $(1, jh, kh)$
. , (14) 1 $J_{\ell}^{-1}(s\ell)q_{\ell}$ ( st)
1 , $J\ell(s\ell)$ 9 . ,
$\delta s\ell=J_{\ell}^{-1}(s\ell)q_{\ell}(s\ell)$ , 1
$J_{\ell}(s\ell)\delta s_{\ell}=q_{\ell}(s_{\ell})$ (15)
3 $\delta s\ell$ . 2 , (14)
$||$ q$\ell$ (s$\ell$ ) l2/ $||$ q0 $(s_{0})||_{2}<1.0\mathrm{x}10^{-12}$ (16)
, 1 (15) 1 . $Dh=2^{-2}$
, (16) (14) .
, (14) 5 . , (14) ,
1 (15) (10) 2
, , 2 “iter” 1 (15) . $m_{\max}$
11
4 2 (time: (14) $(\#\mathrm{J}\grave{\nearrow})$ , iter: (14) )
$\ovalbox{\tt\small REJECT}_{\mathrm{c}- \mathrm{E}5}^{353}\mathrm{E}\mathrm{E}\mathrm{E}\epsilon_{53}\mathrm{E}50\mathrm{s}6\mathrm{E}6\Rightarrow_{1}\not\in 3330_{5}\mathrm{E}3155\mathrm{E}535\pi 36065350\mathrm{s}50565$
$\mathrm{t}-$













0 50 100 1 200 2 300 30
$\mathrm{C}$
$\mathrm{P}\mathrm{u}\mathrm{t}\mathrm{a}\mathfrak{l}\cdot \mathrm{n}$Time{ $)$ $\mathrm{C}\mathrm{o}$m ta60n Time{ ec)
(a) $\mathrm{v}\mathrm{s}$ . (b) $\epsilon$ .
3 2: $\epsilon$ ($Dh=2^{-2}$ , (14)
3 ), $\mathrm{A}:$ GMRES(20), $\mathrm{B}$ :GMRES $(\leq 20),$ $\mathrm{C}:\mathrm{B}\mathrm{C}$-GMRES $(\leq 20)$
10 , BC-GMRES $(\leq m_{\max})$ GMRES( $\leq$ mm
50% . , (14) 3 , 1
(15) BC-GMRES $(\leq m_{\max})$ $\epsilon$
3 . BC-GMRES(20) 100 , 2
300 . ,
3 , , . GMRES$(\leq 20)$
, 20 48 10 ,
. ,
GMRES(20) . $\epsilon$ ,
, . ,
BC-GMRES(\leq mm x) mm x 20 $m_{\max}$
, 12 3 . ,
BC-GMRES$(\leq m_{\max})$ , GMRES$(\leq m_{\max})$
, $m_{maa}$ .
, $Dh$ $Dh=2^{-2}$ . 4 ,
(16) (14) . , (14)
112
, (14) 1 (15) .
m$ 3 , (14) 3 , 1
(15) 3 . , 1 (15) 3
. $Dh$ BC-GMRES $(\leq m_{\max})$
. GMRES $(\leq m_{maa})$ BC-GMRES$(\leq m_{\max})$
, $Dh=2^{-5},$ $m_{\max}=10$ , $Dh=2^{-4},$ $m_{\max}=10$
10% BC-GMRES $(\leq m_{\max})$ . , BC-
GMRES$(\leq m_{\max})$ , $m_{\max}$ 10 GMRES$(\leq m_{\max})$
. , , $\mathrm{B}\mathrm{C}- \mathrm{G}\mathrm{M}\mathrm{R}\mathrm{E}\mathrm{S}(\leq m_{\max})$
GMRES$(\leq m_{ma},)$ .
5
BC-GMRES(\leq mm a) . ,
, 1 ,
. 5 , 1
, BC-GMRES$(\leq m_{\max})$ GMRES$(\leq m_{\max})$ GMRES(m)
. , GMRES$(\leq m_{\max})$
, .
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